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Abstract

Winner-take-all (WTA) networks – circuits composed of recurrently connected
populations of excitatory and inhibitory neurons – have been shown to model cru-
cial aspects of cortical processing (Douglas et al., 1989) and provide a powerful
framework for a vast range of computations (Maass, 2000). WTA dynamics have
been studied extensively in both rate-based and spiking neuron models. Using a
strategy similar to the mean-field approach that allows obtaining rate-based pop-
ulation dynamics from spiking neuron equations (Schwalger et al., 2017), we here
explore the parameter space of spiking neural networks that results in winner-
take-all dynamics with different dynamical properties. In a first step, based on
the work by Rutishauser et al. (2011), we derive equations to find parameter
ranges for a rate-based neuron model that results in stable soft and hard WTA
behavior. We thereby extend their analysis to networks with an arbitrary number
of excitatory units. Further, we derive new conditions that separate hysteresis
and self-sustained behavior of a WTA network. In a second step, we construct
a spiking neural network consisting of groups of excitatory or inhibitory neurons
and map its parameters to the rate-based ones. In particular, we map the borders
between parameter ranges that separate some of the different dynamical winner-
take-all behaviors that we explored in the previous step. Further, we provide
a firing rate prediction that proves to be accurate when neurons of the spiking
model are weakly connected. For strong connectivity, however, neurons start to
synchronize, leading to lower activity of the spiking neuron than predicted, con-
firming previously discussed limitations of mean-field approaches. The pipeline
presented here could prove useful in assisting the tuning of spiking neural network
parameters to achieve desired behaviors in the WTA-framework, in particular on
neuromorphic hardware.
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Chapter 1

Introduction

1.1 Winner-take-all networks

Winner-take-all (WTA) networks are networks of recurrently connected popu-
lations of excitatory and inhibitory neurons that are capable of detecting and
amplifying the neural unit receiving the strongest input while suppressing the
activity of others (Fang et al., 1996, Feldman and Ballard, 1982). Modeling piv-
otal aspects of cortical neural networks (Douglas et al., 1989) and providing a
powerful computational framework for both software (Maass, 2000) and hard-
ware (Lazzaro et al., 1989), WTA networks have been receiving a vast amount
of attention.

In its most typical form, a winner-take-all network consists of several recur-
rently connected excitatory units as well as a small number of inhibitory units
that receive inputs from all excitatory ones and act on them through global in-
hibition (Rutishauser et al., 2011). WTA networks therefore belong to the com-
putationally powerful class of competitive networks that operate through shared
inhibition (Binas et al., 2014, Douglas and Martin, 2007). If, as a result of this
competition, the network unit receiving the strongest input is the only one to re-
main active, this behavior is regarded as hard WTA. Soft WTA, to the contrary,
is characterized by the continued activity of multiple units in this scenario.

In contrast to models focusing exclusively on serial feed-forward connections
and disregarding the role of excitatory feedback, WTA networks have been put
forward as model candidates for canonical microcircuits in the neocortex (Binas
et al., 2014). This proposal assumes the existence of a circuit that is repeated,
and slightly modi�ed, several times in each area of the cortex (Creutzfeldt, 1977,
Douglas et al., 1989, Szentágothai, 1978). Douglas et al. (1989) developed such
a simpli�ed circuit model of the visual cortex that was capable of predicting in-
tracellular recordings in the cat striate cortex upon thalamic stimulation. Their
model proposes the existence of two excitatory and a single inhibitory interact-
ing neuron population; each receiving input from the thalamus and each other
(Douglas et al., 1989).

1



2 Introduction

The self-excitation in this model is in keeping with anatomical studies showing
that the vast majority of a neuron's input originates from neighboring excitatory
neurons in the same area of the cortex, rather than from long-range projections
from other cortical areas or subcortical nuclei (Douglas et al., 1995).

A key question that is discussed in this context is how the relatively small
fraction of input that is received from earlier stages of the cortical hierarchy,
compared to the predominant self-excitation, can be processed reliably (Douglas
and Martin, 2007). To investigate the computational signi�cance of this circuitry,
Douglas and Martin (2007) analyzed a simple network of linear threshold neurons
that, coarsely inspired by the recurrent circuitry of the neocortex, comprised a
single inhibitory neuron as well as a large population of excitatory neurons that
receive input through excitatory feed-forward and feedback connections as well as
inhibitory feedback from a global inhibitory neuron. Their simulations revealed
that the excitatory recurrent feedback results in targeted enhancement of input
features that are aligned with the patterns of the feedback connection weights.
The global inhibitory neuron further imposes a dynamical inhibitory threshold
to suppress outliers (Douglas and Martin, 2007).

Studies like this have been used to demonstrate that non-linear functions
such as signal ampli�cation and restoration can be implemented through simple
WTA circuits. Simulational studies have further been complemented by more
theoretical analyses. Maass (2000), for instance, showed that the winner-take-
all computation is remarkably powerful compared to computation in threshold
and sigmoidal gates and that circuits making use of a single soft-WTA gate can
approximate an arbitrary continuous function. The underlying winner-take-all
computation has further been put forward as a model of processing in the cortex.
Among the most frequently referenced examples are the vision model developed
by Riesenhuber and Poggio (1999) and the attention model by Itti et al. (1998).

1.2 Di�erent implementations of WTA networks

Winner-take-all networks can be implemented in both rate-based and spiking
neural networks. While spiking models describe a neuron's output in the form of
discrete spikes and thereby allow the use of time for carrying out computation
(Maass, 1997), rate-based models, due to their simplicity, allow for the construc-
tion of large-scale networks and mathematical analysis of their behavior. As both
types of models are used throughout this thesis, I will brie�y introduce and con-
textualize them here and provide an in-depth formalization in the second and
third chapter.
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1.2.1 Rate-based neuron models

Rate-based neuron models are built on the idea that a substantial fraction of
what a neuron encodes can already be captured by its average �ring rate. While
it has been proposed that stimulus information are encoded by the relative tim-
ing of individual spikes in some systems (Montemurro et al., 2008, Shapiro and
Ferbinteanu, 2006); in other instances, the �ring frequency was shown to already
convey much information. The latter view thereby dates back to the work of
Adrian and Zotterman (1926) who demonstrated the proportionality of �ring
frequency and stimulus intensity.

The simplicity and computational tractability of rate-based models allow for
the construction of large-scale networks and detailed mathematical analysis. A
powerful concept in this context is that of neural �elds, where the continuous
spatiotemporal evolution of quantities in those �elds, such as average �ring rates,
can be modeled through a set of neural �eld equations (Coombes, 2006).

Beurle (1956) is believed to be the �rst to have approached approximating
such a spatial continuum of neural activity for a network of exclusively excita-
tory neurons. Wilson and Cowan (1972, 1973) extended their work to model
refractory periods and allow for the incorporation of inhibitory neurons into the
networks. At the core of their model are di�erential equations describing the
temporal evolution of the average activity of neuron populations (Wilson and
Cowan, 1973). In order to study the behavior of a large population of neurons,
they thereby employed a mean-�eld approach. Amari (1977) followed up on
this work, introducing local excitation and distal inhibition, a powerful model
for interacting populations of excitatory and inhibitory neurons. This work still
forms the mathematical foundation for dynamic neural �elds, the computational
building blocks for dynamic �eld theory � a framework to describe elementary
cognitive functions as a consequence of neuronal population dynamics (Schöner,
2008).

To sum, rate-based models and their related computational and conceptual
frameworks facilitate large-scale modeling of spatiotemporally continuous neural
�elds and mathematical analysis of their behavior.

1.2.2 Spiking neuron models

Spiking neuron models are the second class of models that are dealt with in this
thesis. These biologically more plausible models of neural function have been
proposed to form the third generation of neural network models (Maass, 1997).
They thereby follow the �rst generation of McCullough-Pitts neurons (McCulloch
and Pitts, 1943) and the second generation of units that applied an activation
function with continuous output to a weighted input sum (Maass, 1997).

Within the class of spiking networks, the many neuron models that have



4 Introduction

been established primarily di�er in the degree to which they abstract biological
detail (Herz et al., 2006). Among the complex neuron models are, for instance,
the model of Hodgkin and Huxley (1952), which describe biophysical processes
at the level of individual ion channels, as well as compartmental models (Segev
et al., 1989) that also account for the spatial structure of a neuron.

While more abstract models mimic biophysical processes less closely, they al-
low for a more systematic analysis of their key computing elements as well as the
simulation of networks incorporating a large number of units. A popular choice
among simpli�ed spiking neuron models is the leaky-integrate-and-�re (LIF) neu-
ron that accumulates the input and generates a spike when exceeding a certain
threshold (Gerstner and Kistler, 2002). The key computation in this model is
the temporal summation of inputs. In this thesis, leaky-integrate-and-�re units
will be utilized as computational building blocks for spiking neural networks.

To sum, though representing one of the simplest instances of spiking neuron
models, compared to rate-based models, a network of LIF neurons more realisti-
cally models a biological neuron's output � a discrete spike � and thereby allows
making use of temporal information in its computations (Maass, 1997).

1.3 Goals and structure of this thesis

The two neuron models presented have both been used extensively for the study
of WTA dynamics. Using a strategy similar to the mean-�eld approach that
allows to obtain rate-based population dynamics from spiking neuron equations
(Schwalger et al., 2017), in this thesis, I aim to explore the parameter space of
spiking neural networks that results in winner-take-all dynamics with di�erent
dynamical properties. This e�ort can be divided into two main parts.

First, based on Rutishauser et al. (2011), I will derive equations to �nd pa-
rameter ranges for a rate-based neuron model that results in stable soft and hard
WTA behavior. I will thereby extend the presented approach to allow stability
analysis in networks with an arbitrary number of excitatory units. Furthermore,
I will derive new conditions that separate hysteresis and self-sustained behavior
of the network. This work is described in the second chapter.

Second, using a strategy resembling the mean-�eld approach (Gerstner, 2000),
I will construct a spiking neural network consisting of groups of excitatory or
inhibitory neurons and map its parameters to the rate-based ones. In particular, I
will map the borders between parameter ranges that separate some of the winner-
take-all behaviors that I explored in the previous step. This work is described in
the third chapter.



Chapter 2

Continuous model dynamics

In this chapter, we will focus on the analysis of rate-based models with regard
to winner-take-all dynamics. Special emphasis will thereby be placed on the
work of Rutishauser et al. (2011) who propose a formalism for neuronal activity
within simple WTA networks and present an analytical approach for assessing
their stability. Here, we start by introducing the model and reproduce, and
slightly modify, their stability analysis. Next, we extend the analyses that were
originally carried out on a three-unit WTA network to networks with an arbitrary
number of excitatory units and a single inhibitory unit. In addition to stability
conditions in hard and soft WTA regimes, we will derive conditions for two other
phenomena: hysteresis and self-sustained behavior. Those will be introduced in
later parts of this chapter.

2.1 The WTA model by Rutishauser et al.

The basic architecture of a winner-take-all (WTA) network is illustrated in Figure
2.1, adapted from Rutishauser et al. (2011). A WTA network, here, comprises
N units, out of which N-1 are excitatory and a single one is inhibitory. Each
excitatory unit ( u1; :::; uN � 1) thereby receives input from both its neighbors (� 2)
and itself (� 1); the inhibitory unit receives input from each excitatory unit ( � 1)
and inhibits each excitatory unit ( � 2). Network A (see Figure 2.1) is restricting
an excitatory neuron's input to self-excitation (� 1), while network A' (see Figure
2.1) also takes input from its neighbors into account. The dynamics of these
units, as described in Rutishauser et al. (2011), are given in Eqs. 2.1-2.3, where
u1; :::; uN � 1 indicate the activity of the excitatory units and uN corresponds to
that of the inhibitory unit.
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6 Continuous model dynamics

�
dui

dt
= � gui + F (� 1ui � � 2uN + I i � Ti ) (2.1)

�
duN

dt
= � guN + F (� 1

N � 1X

j =1

uj � TN ) (2.2)

F (x) = max(0; x) (2.3)

Here, I i represents the external input to a unit i , g stands for the conductance,
and Ti indicates the threshold for each unit, which is constant and identical across
all units. The conductance and thresholds as well the parameters� 1; � 1 and � 2

are, by de�nition, required to be greater than 0.

Figure 2.1: Basic architecture of a 3-unit winner-take-all network, modi�ed from
Rutishauser et al. (2011). Here,u1 and u2 represent excitatory units and u3 a
single inhibitory unit. Each excitatory unit receives input from both its neighbors
(� 2) and itself (� 1); the inhibitory unit receives input from each excitatory unit
(� 1) and sends back inhibition (� 2). � 2 is disregarded in network A but taken into
account in network A'. Analytical results for both network types are provided in
Rutishauser et al. (2011).

2.2 Stability analysis

Inspired by the analysis carried out in Rutishauser et al. (2011), we engaged in
two complementary approaches to assess the stability of WTA networks: �rst,
we made use of the Jacobian; second, of the Hermitian.



2.2. Stability analysis 7

2.2.1 Jacobian analysis

The JacobianJA for the network A in Fig. 2.1, governed by Eqs. 2.1-2.3, is given
by:

� JA =

2

4
l1� 1 � g 0 � l3� 2

0 l2� 1 � g � l3� 2

l1� 1 l2� 1 � g

3

5 (2.4)

Here, lk is a dummy variable that takes the value of either 0 or 1, based on
the derivative of F (x) = max(0 ; x). By setting only a single lk to 1 and all others
to 0, we can describe hard WTA (with lk being the winning unit). Setting all
lk to 1 implements soft WTA. In both cases, by de�nition, the following set of
conditions has to hold: g > 0, � 1 > 0, � 1 > 0, and � 2 > 0.

Conditions for hard WTA

We begin with the derivation of stability conditions for hard WTA networks.
Accordingly, we set l1 = 1 , l2 = 0 , and l3 = 1 , with u1 being the winner. The
JacobianJAh for the hard-WTA con�guration of network A in Fig. 2.1, governed
by Eqs. 2.1-2.3, is given by:

� JAh =

2

4
� 1 � g 0 � � 2

0 � g � � 2

� 1 0 � g

3

5 (2.5)

Our goal is to assess the stability of this system. We know from contraction
analysis that JAh has to be negative de�nite in order for the system to be stable
(for a detailed derivation, see Izhikevich (2007)). This means that all real parts
of the eigenvalues� of JAh have to be negative. By solving det(� I � JAh ) = 0 ,
we get the eigenvalues:

� =

0

B
B
@

� g
� 1
2 �

p
� 2

1 � 4 � 1 � 2

2 � g
� 1
2 +

p
� 2

1 � 4 � 1 � 2

2 � g

1

C
C
A (2.6)

Next, we can check weatherRe(� ) < 0 holds for each of the eigenvalues.
We see that the �rst eigenvalue always satis�es the condition (� g < 0). For the
second and third eigenvalue, the real part depends on the sign of� 2

1 � 4� 1� 2. We
can carry out a case di�erentiation:
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Case I : When � 2
1 � 4� 1� 2 < 0:

Re(� ) =

0

@
� g

a1
2 � g
a1
2 � g

1

A (2.7)

Setting Re(� ) < 0, this condition is ful�lled for all eigenvalues when:

a1 < 2g (2.8)

Case II : When � 2
1 � 4� 1� 2 � 0:

Re(� ) =

0

B
B
@

� g
� 1
2 �

p
� 2 � 4 � 1 � 2

2 � g
� 1
2 +

p
� 2 � 4 � 1 � 2

2 � g

1

C
C
A (2.9)

Setting Re(� ) < 0, this condition is ful�lled for all eigenvalues when the following
two conditions hold:

(i ) a1 � 2g <
p

� 2 � 4 � 1 � 2 (2.10)

(ii )
p

� 2 � 4 � 1 � 2 < 2g � a1 (2.11)

Given 0 �
p

� 2 � 4 � 1 � 2 (see case II condition), we can rewrite Eq. 2.11 as:

(ii: 1) � 1 < 2g (2.12)

(ii: 2) � 1� 2 > (� 1 � g)g (2.13)

Given Eq. 2.12, Eq. 2.10 is always true. The conditions for the second case can
therefore be reduced to Eqs. 2.12 and 2.13. The condition for the �rst case is
given by Eq. 2.8. Merging the results from this case di�erentiation, Fig. 2.2
depicts the parameter ranges that lead to stable hard WTA behavior.

Conditions for soft WTA

We can reuse the same pipeline to derive the conditions for soft WTA by simply
modifying our dummy variables: l1 = l2 = l3 = 1 . The Jacobian JAs for the
soft-WTA con�guration of network A in Fig. 2.1, governed by Eqs. 2.1-2.3, is
then provided by:

� JAs =

2

4
� 1 � g 0 � � 2

0 � 1 � g � � 2

� 1 � 1 � g

3

5 (2.14)
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Figure 2.2: Depiction of parameter ranges for stable hard-WTA behavior in the
3-unit network type A depicted in Fig. 2.1. Parameters combinations chosen from
the green area result in stable behavior. Note that the units for� 1 are given in
g while the units for � 1� 2 are given in g2.

To assess stability, we again determine the conditions that need to hold in order
for the real part of all eigenvalues of the Jacobian to be negative. By solving
det(� I � JAs ) = 0 , we can extract the eigenvalues� :

� =

0

B
B
@

� 1 � g
� 1
2 �

p
� 2

1 � 8 � 1 � 2

2 � g
� 1
2 +

p
� 2

1 � 8 � 1 � 2

2 � g

1

C
C
A (2.15)

By solving Re(� ) < 0, we get the conditions for soft WTA:

Case I : When � 2 � 8� 1� 2 < 0:

� 1 < g (2.16)

Case II : When � 2 � 8� 1� 2 � 0:

� 1 < g (2.17)

� 1� 2 >
(� 1 � g)g

2
(2.18)

From Eq. 2.17 and the parameter de�nition (� 1 > 0 and � 2 > 0), it follows
that Eq. 2.18 is always true. The condition for the second case can therefore be
reduced to Eq. 2.17:� 1 < g . The condition for the �rst case is given by Eq. 2.16.
Merging both, Fig. 2.3 provides an overview of the stable area for both soft and
hard WTA.
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Figure 2.3: Depiction of parameter ranges for stable hard and soft WTA behavior
in the 3-unit network type A depicted in Fig. 2.1. Parameter sets chosen from
the green area result in stable hard WTA behavior; those chosen from the yellow
area in soft or hard WTA behavior. Note that the units for � 1 are given in g
while the units for � 1� 2 are given in g2.

2.2.2 Hermitian analysis

A second approach to derive analytical conditions for network stability, as
detailed in Rutishauser et al. (2011), can be described as follows:

1) Carry out an eigendecomposition of the JacobianJ = Q�Q � 1

2) Set � = Q � 1 and F = �J� � 1

3) Get the Hermitian part of F, FH = 1
2(F + F� T )

4) Check whetherFH is negative de�nite.

Conditions for hard WTA based on Hermitian

After carrying out the steps detailed above, the eigenvalues� of FH for JAh are
given by:

� =

0

B
B
B
@

� g

� 1
2 + ( � 2

1 � 4 � 1 � 2)3=2

4 j � 2
1 � 4 � 1 � 2 j

+
p

� 2
1 � 4 � 1 � 2

4 � g

� 1
2 � ( � 2

1 � 4 � 1 � 2)3=2

4 j � 2
1 � 4 � 1 � 2 j

�
p

� 2
1 � 4 � 1 � 2

4 � g

1

C
C
C
A

; (2.19)

where � 2
1 � 4� 1� 2 6= 0 . To guarantee network stability, the real parts of these

eigenvalue have to be negative. By de�nition ofg, the �rst eigenvalue is always
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smaller than zero. The sign of the second and third eigenvalue depend on the
sign of � 2

1 � 4� 1� 2. We therefore carry out a case di�erentiation and, in each
case, solve for negative eigenvalues. The results are summarized below:

Case I : When � 2
1 � 4� 1� 2 < 0:

� 1 < 2g (2.20)

Case II : When � 2
1 � 4� 1� 2 > 0:

� =

0

B
B
@

� g
� 1
2 �

p
� 2 � 4 � 1 � 2

2 � g
� 1
2 +

p
� 2 � 4 � 1 � 2

2 � g

1

C
C
A (2.21)

Setting Re(� ) < 0, we get as conditions:

� 1 < 2g (2.22)

� 1� 2 > (� 1 � g)g (2.23)

The conditions derived using the Hermitian approach are identical to those
derived using the Jacobian approach. This has also been the case for soft WTA
(results not shown here). In the discussion of their paper, however, Rutishauser
et al. (2011) conclude that they did not succeed in deriving analytical conditions
using the Jacobian.

Furthermore, they derived stronger conditions as they appear to be neglecting
the parameter region where� 2

1 � 4� 1� 2 < 0. As a consequence, they note that
their analytical solution assigns an upper bound to the parameter� 2 which is,
in fact, not necessary with regard to their simulations. Using our approach, by
carrying out a full case di�erentiation, no such upper bound is set and analytical
and simulation results are identical. Apart from this, our results match those
reported by Rutishauser et al. (2011). We will use the Jacobian method hereafter.

2.2.3 Numerical simulations

To validate the analytical results, we carried out numerical simulations of the
di�erential equations of the model by Rutishauser et al. (2011) for 3-unit WTA
networks (Eqs. 2.1 - 2.3). For these simulations, we made use of the simulator
Brian 2 (Goodman and Brette, 2008).

Fig. 2.4 shows the stable and unstable behaviour in the simulation, the bor-
ders of which match well with the analytical result. The unstable behavior,
observed outside of the stable soft or hard WTA parameter region, can further



12 Continuous model dynamics

Figure 2.4: Results of numerical simulations of the model by Rutishauser et al.
(2011) with regard to stability. Numerical simulations were conducted for Eqs. 2.1
- 2.3 governing the activity of the 3-unit network. For all simulations, the pa-
rameters � 2 and g were set to 1, and� 1 and � 1 were varied between 0 and 2.8 by
steps of 0.1. For each parameter set, a simulation was carried out for 2 seconds,
where from 0.5 to 1.5 seconds, the winning unit received an external input of 10
and the losing unit an input of 8. In the other time ranges, no external input
was provided. Left panel: Visualization of explosion in the parameter space.
We measured the average activity for the winning unitu1 between 1.4 and 1.5
seconds, i.e., the last 100 ms of the input period, and plotted these values as a
heatmap. To facilitate visual inspection of such heatmap, the mean ofu1 was
logarized with the base of 10 and all values exceeding 10 are depicted by the
same maximum color of the color bar. The blue lines represent the borders for
the Jacobian analysis as shown in Fig. 2.3. When� 1 < 2, the explosion area is
given by � 1� 2 < � 1 � 1. When � 1 > 2, � 1� 2 < � 2

1=4 make up the explosion area.
This result matches with the simulation presented in Rutishauser et al. (2011).
Right panel: Visualization of oscillation in the parameter space. To quantify
oscillation, we measured the sum of the negative gradient: ifv denotes the activ-
ity vector and grad[t]=v[t]-v[t-1] its gradient, all negative values in the gradient
were summed up here. To di�erentiate between explosion and oscillation, only
negative values were summed up. As we can see in the heatmap, in the area
where � 1� 2 < � 2

1=4 holds, we can �nd oscillating behavior.

be subdivided into two classes: �rst, explosion, where the activity level goes up
to in�nity; second, oscillation, where an excitatory and inhibitory unit oscillate.
The details are provided in Fig. 2.4.

Fig. 2.5 shows the result of numerical simulations used to assess soft and hard
WTA. To measure soft and hard WTA, we calculated the average activity for the
winner unit, u1, in the last 100 ms of the input period (1 second in total) and
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Figure 2.5: Results of numerical simulations of the model by Rutishauser et al.
(2011) with regard to soft and hard WTA. The simulation con�guration used
for generating this �gure is the same as the one used for Fig. 2.4. The colors
indicate the relative fraction of the winning unit's activity. The blue line depicts
the theoretical soft/hard WTA boundary as shown in Fig. 2.3.

determined the ratio that the summed up activity of this unit would make up
out of the overall activity of all units. This value was plotted in the heatmap
shown in Fig. 2.5. In the absence of any interaction, this value would correspond
to 10

10+8 = 0 :556, whereas in hard WTA, it would be 1. The blue line depicts
the theoretical soft/hard WTA boundary as it appears in Fig. 2.3. We �nd that
the entire parameter space right of the blue line (� 1 > 1) does, indeed, hold
values close to 1 and corresponds to hard WTA. We further note that in the area
left of the blue line (� 1 < 1), both soft and hard WTA can be stable. Further,
it is shown that within this area, when self-excitation and inhibition are large,
the WTA con�guration will be hard; otherwise soft. Overall, this investigation
validates the analytically obtained conditions.

2.3 Extensions of the model

2.3.1 3 units = (2 Exc, 1 Inh), with excitation ( � 1, � 2)

Here, we start to extend the network and carry out the Jacobian analysis detailed
in the previous section. As a �rst step, we add inter-excitatory interactions,
thereby producing the network type depicted in Fig. 2.1 A'. The JacobianJA 0

for such network is given by:
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� JA 0 =

2

4
l1� 1 � g l2� 2 � l3� 2

l1� 2 l2� 1 � g � l3� 2

l1� 1 l2� 1 � g

3

5 ; (2.24)

where g > 0, � 1 > 0, � 2 > 0, � 2 > 0, and � 1 > 0 hold by de�nition.

Conditions for hard WTA

Setting l1 = 1 , l2 = 0 , l3 = 1 and repeating the Jacobian analysis presented
above, we can derive conditions for stability in the hard WTA regime. These
conditions are identical to those of the 3-unit WTA without inter-excitatory unit
interactions:

� 1 < 2g (2.25)

� 1� 2 > (� 1 � g)g (2.26)

This result is intuitively plausible as there is no additional interaction with the
winner unit when all other excitatory units are inactive.

Conditions for soft WTA

Setting l1 = l2 = l3 = 1 , we can carry out the same analysis for soft WTA in
the network shown in Fig. 2.1 A'. The Jacobian is given by Eq. 2.27 and its
eigenvalues by Eq. 2.28:

� JA 0s =

2

4
� 1 � g � 2 � � 2

� 2 � 1 � g � � 2

� 1 � 1 � g

3

5 (2.27)

� =

0

B
B
@

� 1 � � 2 � g
� 1
2 + � 2

2 �
p

� 12+2 � 1 � 2+ � 22 � 8 � 1 � 2

2 � g
� 1
2 + � 2

2 +
p

� 12+2 � 1 � 2+ � 22 � 8 � 1 � 2

2 � g

1

C
C
A (2.28)

By substituting � = � 1 + � 2, the eigenvalues can be expressed as:

� =

0

B
B
@

� 1 � � 2 � g
�
2 �

p
� 2 � 8 � 1 � 2

2 � g
�
2 +

p
� 2 � 8 � 1 � 2

2 � g

1

C
C
A (2.29)
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Here, we carry out a case di�erentiation and derive the conditions that need to
hold to ensure negative real parts of all eigenvalues.

Case I : When � 2 � 8� 1� 2 < 0:

� 1 � � 2 < g (2.30)

� < 2g (2.31)

Case II : When � 2 � 8� 1� 2 � 0:

� 1 � � 2 < g (2.32)

� < 2g (2.33)

� 1� 2 >
(� � g)g

2
(2.34)

In addition, in both cases, � 1 < 3
2g and � 2 < 1

2g hold because:

� 1 � � 2 < g (2.35)

� 1 + � 2 < 2g (2.36)

Adding both equations yields:

2� 1 < 3g (2.37)

� 1 <
3
2

g (2.38)

By subtracting Eq. 2.38 from Eq. 2.36, we get:

� 2 <
1
2

g (2.39)

Fig. 2.6 shows the resulting parameter range for stable soft WTA behavior.
Note that an additional condition is given by � 1 < 3

2g. Stability in hard WTA is
not depicted here as the conditions are identical to those shown in Fig. 2.2.

2.3.2 4 units = (3 Exc, 1 Inh), with excitation ( � 1, � 2)

Fig. 2.7 shows two architectures, B and B', for a 4-unit WTA network. Eq. 2.40
provides its Jacobian. We will here demonstrate the analysis for network type
B'.

JB 0 =

0

B
B
@

l1� 1 � g l2� 2 l3� 2 � l4� 2

l1� 2 l2� 1 � g l3� 2 � l4� 2

l1� 2 l2� 2 l3� 1 � g � l4� 2

l1� 1 l2� 1 l3� 1 � g

1

C
C
A (2.40)
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Figure 2.6: Depiction of parameter ranges for stable soft WTA behavior in 3-
unit networks with inter-excitatory connections. Parameter sets chosen from the
yellow area result in stable soft WTA behavior as long as� 1 � � 2 < 0 holds. The
horizontal axis � represents the sum of� 1 and � 2. Note that the units for � are
given in g while the units for � 1� 2 are given in g2.

Figure 2.7: Basic architecture of 4-unit WTA networks, whereu1, u2, and u3 rep-
resent excitatory units and u4 represents a single inhibitory unit. Each excitatory
unit receives input from both its neighbors (� 2) and itself (� 1); the inhibitory
unit receives input from each excitatory unit (� 1) and sends back inhibition (� 1).
Note that the inter-excitatory connection � 2 is disregarded in network B but
taken into account in network B'.

Note that the stability conditions for hard WTA are identical for di�erent
numbers of excitatory units as, in the end, only the winning unit remains active.
Therefore, we will, in this and the following derivation, focus exclusively on the
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soft WTA stability conditions. The Jacobian for the soft WTA con�guration can
be obtained by replacing all activation variableslk in Eq. 2.40 by 1:

JB 0s =

0

B
B
@

� 1 � g � 2 � 2 � � 2

� 2 � 1 � g � 2 � � 2

� 2 � 2 � 1 � g � � 2

� 1 � 1 � 1 � g

1

C
C
A (2.41)

Calculating the eigenvalues of this Jacobian, we get:

� =

0

B
B
B
B
@

� 1 � � 2 � g
� 1 � � 2 � g

� 1
2 + � 2 +

p
� 12+4 � 1 � 2+4 � 22 � 12 � 2 � 1

2 � g
� 1
2 + � 2 �

p
� 12+4 � 1 � 2+4 � 22 � 12 � 2 � 1

2 � g

1

C
C
C
C
A

; (2.42)

where i =
p

� 1. By substituting � = � 1 + 2 � 2, the eigenvalues can be expressed
as:

� =

0

B
B
B
B
@

� 1 � � 2 � g
� 1 � � 2 � g

�
2 �

p
� 2 � 12 � 1 � 2

2 � g
�
2 +

p
� 2 � 12 � 1 � 2

2 � g

1

C
C
C
C
A

(2.43)

From the identical �rst two eigenvalues, it follows that � 1 � � 2 < g must hold.
For assessing the last two eigenvalues, we engage in a case di�erentiation.

Case I : � 2 � 12� 1� 2 < 0:

� 1 � � 2 < g (2.44)

� < 2g (2.45)

Case II : � 2 � 12� 1� 2 � 0:

� 1 � � 2 < g (2.46)

� < 2g (2.47)

� 1� 2 >
1
3

(� � g)g (2.48)

Further, in both cases it holds that:



18 Continuous model dynamics

� 1 <
4
3

g (2.49)

� 2 <
1
3

g (2.50)

These are the conditions for soft WTA stability in a 4-unit network. They qual-
itatively resemble those obtained for the 3-unit network and are therefore no
longer depicted. Conditions for network B in Fig. 2.7 can be obtained by setting
� 2 = 0 in the conditions for network B' above.

2.3.3 n+1 units = (n Exc, 1 Inh), with excitation ( � 1, � 2)

So far, we derived conditions for the stability of soft and hard WTA networks
with a �xed number of units. Here, we wish to generalize some of these results
to networks with n excitatory and a single inhibitory unit, connected as shown
in the 4-unit instance depicted in Fig. 2.7 B'. Carefully inspecting the results
presented in the previous sections, one could hypothesize that two eigenvalues of
the network's Jacobian are given by:

�
2

�

p
� 2 � 4n0� 1 � 2

2
� g; (2.51)

where � is the sum of all inputs andn0 the number of active excitatory units.
The remaining n � 2 eigenvalues seems to de�ne the relationships between the
strength of self-excitation and other forms of excitation.

In the following pages, through the means of mathematical induction, we wish
to prove that the eigenvalues� of the Jacobian of our network, given in Eq. 2.52,
are those provided in Eq. 2.53. We will thereby assume that all connections
between excitatory unit pairs is given by the same weight (� 2).

Jns =

0

B
B
B
B
B
@

� 1 � g � 2 � � � � 2 � � 2

� 2 � 1 � g � � � � 2 � � 2
...

...
. . .

...
...

� 2 � 2 � � � � 1 � g � � 2

� 1 � 1 � � � � 1 � g

1

C
C
C
C
C
A

(2.52)
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� =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
@

� 1 � � 2 � g
� 1 � � 2 � g

...
� 1 � � 2 � g

9
>>>=

>>>;

n � 1

�
2 +

p
� 2 � 4n � 1 � 2

2 � g

�
2 �

p
� 2 � 4n � 1 � 2

2 � g

1

C
C
C
C
C
C
C
C
C
C
C
C
C
A

; (2.53)

where � = � 1 + ( n � 1)� 2. To ease readability, we will rede�ne A and G as
follows:

A = � 1 � g � � (2.54)

G = � g � � (2.55)

Proof. (i) For n=2: To extract the eigenvalues of the Jacobian, we setdet(J2s �
� I ) = 0 and transform from Eq. 2.56 to Eq. 2.59 as follows:

det(J2s � � I ) = 0 (2.56)
�
�
�
�
�
�

0

@
� 1 � g � 2 � � 1

� 2 � 1 � g � � 1

� 2 � 2 � g

1

A �

0

@
� 0 0
0 � 0
0 0 �

1

A

�
�
�
�
�
�

= 0 (2.57)

�
�
�
�
�
�

� 1 � g � � � 2 � � 1

� 2 � 1 � g � � � � 1

� 2 � 2 � g � �

�
�
�
�
�
�

= 0 (2.58)

�
�
�
�
�
�

A � 2 � � 1

� 2 A � � 1

� 2 � 2 G

�
�
�
�
�
�

= 0 (2.59)

Applying cofactor expansion to the �rst line of Eq. 2.59, we get Eq. 2.60 and can
transform it to Eq. 2.62:

A

�
�
�
�

A � � 1

� 2 G

�
�
�
� � � 2

�
�
�
�

� 2 � � 1

� 2 G

�
�
�
� � � 1

�
�
�
�

� 2 A
� 2 � 2

�
�
�
� = 0 (2.60)

A(AG + � 1� 2) � � 2(� 2G + � 1� 2) � � 1� 2(� 2 � A) = 0 (2.61)

(A � � 2)(( A + � 2)G + 2 � 1� 2) = 0 (2.62)
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Substituting � = � 1 + � 2, we get Eq. 2.63 and can subsequently transform it to
Eq. 2.66:

(A � � 2)(( � 1 � g � � + � 2)G + 2 � 1� 2) = 0 (2.63)

(A � � 2)f (� � g � � )( � g � � ) + 2 � 1� 2g = 0 (2.64)

(A � � 2)( � 2 + (2 g � � )� + g2 � �g � 2� 1� 2) = 0 (2.65)

(A � � 2)( � �
� +

p
� 2 � 8� 1� 2

2
+ g)( � �

� �
p

� 2 � 8� 1� 2

2
+ g) = 0 (2.66)

From the factorized form of Eq. 2.66, we can directly read out the eigenvalues:

� =

0

B
B
@

� 1 � � 2 � g
�
2 +

p
� 2

1 � 8 � 1 � 2

2 � g
�
2 �

p
� 2 � 8 � 1 � 2

2 � g

1

C
C
A ; (2.67)

where � = � 1 + � 2. We can therefore conclude that Eq. 2.53 holds true for n=2.

(ii) Let us assume the induction hypothesis is true forn = k. Now, let n be k +1 .
Wishing to extract the eigenvalues, we can, again, setdet(J (k + 1)s � � I ) = 0 and
subsequently transform from Eq. 2.68 to Eq. 2.70:

det(J (k + 1)s � � I ) = 0 (2.68)
�
�
�
�
�
�
�
�
�
�
�

� 1 � g � � � 2 � � � � 2 � � 2

� 2 � 1 � g � � � � � � 2 � � 2
...

...
. . .

...
...

� 2 � 2 � � � � 1 � g � � � � 2

� 1 � 1 � � � � 1 � g � �

�
�
�
�
�
�
�
�
�
�
�

= 0 (2.69)

�
�
�
�
�
�
�
�
�
�
�

A � 2 � � � � 2 � � 2

� 2 A � � � � 2 � � 2
...

...
. . .

...
...

� 2 � 2 � � � A � � 2

� 1 � 1 � � � � 1 G

�
�
�
�
�
�
�
�
�
�
�

= 0 (2.70)

Carrying out cofactor expansion on the(k + 1) th , i.e., the second-to-last line of
Eq. 2.70, Eq. 2.70 can be rewritten to Eq. 2.71:
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� � 2
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�
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� 2 � 2 � � � A � 2 � � 2

� 1 � 1 � � � � 1 � 1 G

�
�
�
�
�
�
�
�
�
�
�
�
�

� � 2

�
�
�
�
�
�
�
�
�
�
�
�
�

A � 2 � � � � 2 � 2 � � 2

� 2 � 2 � � � � 2 � 2 � � 2

� 2 A � � � � 2 � 2 � � 2
...

...
. . .

...
...

...
� 2 � 2 � � � A � 2 � � 2

� 1 � 1 � � � � 1 � 1 G

�
�
�
�
�
�
�
�
�
�
�
�
�

+ � � � � � � � � � � � 2

�
�
�
�
�
�
�
�
�
�
�
�
�

A � 2 � � � � 2 � 2 � � 2

� 2 A � � � � 2 � 2 � � 2
...

...
. . .

...
...

...
� 2 � 2 � � � A � 2 � � 2

� 2 � 2 � � � � 2 � 2 � � 2

� 1 � 1 � � � � 1 � 1 G

�
�
�
�
�
�
�
�
�
�
�
�
�

| {z }
�

+ A

�
�
�
�
�
�
�
�
�
�
�

A � 2 � � � � 2 � � 2

� 2 A � � � � 2 � � 2
...

...
. . .

...
...

� 2 � 2 � � � A � � 2

� 1 � 1 � � � � 1 G

�
�
�
�
�
�
�
�
�
�
�

� (� � 1)

�
�
�
�
�
�
�
�
�
�
�

A � 2 � � � � 2 � 2
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�

= 0 (2.71)

The signs of these expressions depend on the parity of (k+1). The sign for
the cofactor of the (k + 1) th element (the second-to-last one with coe�cient A)
is always positive as we do a cofactor expansion of the(k + 1) th line and the sign
is given by (� 1)(k+1)+( k+1) = ( � 1)2(k+1) = 1 . The adjacent elements therefore
have negative signs.

When inspecting the cofactors with � 2 coe�cients, we note that the overall
set of rows is identical and that thei th row of the i th cofactor consists exclusively
of � 2 entries. We can transform the determinant of the i th to that of the kth

cofactor by iteratively swapping the row containing only � 2's with the one below
until having reached the kth row. With each swapping operation, the sign of
the determinant changes. In the end, the determinant of thei th cofactor will be
identical to that of the kth cofactor (the * part of 2.70) as the number of swaps
is given by k � i , of which the parity matches with the sign di�erence with the
kth cofactor. Therefore Eq. 2.71 can be simpli�ed to Eq. 2.72:
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= 0 (2.72)

For the sake of readability and in order to ease comprehension, we will solve the
three remaining determinants a parts of Eq. 2.72 successively.

Part 1 (*): Here, we will start by solving the �rst determinant of 2.72. By sub-
tracting the kth row, i.e., the second-to-last one, from the �rst row and applying
cofactor expansion recursively, we derive the following:

�
�
�
�
�
�
�
�
�
�
�
�
�

A � 2 � � � � 2 � 2 � � 2
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...

...
. . .
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...

...
� 2 � 2 � � � A � 2 � � 2

� 2 � 2 � � � � 2 � 2 � � 2

� 1 � 1 � � � � 1 � 1 G

�
�
�
�
�
�
�
�
�
�
�
�
�
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�
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�
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�
�
�
�
�
�
�
�

A � � 2 0 � � � 0 0 0
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. . .
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...
� 2 � 2 � � � A � 2 � � 2

� 2 � 2 � � � � 2 � 2 � � 2

� 1 � 1 � � � � 1 � 1 G
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�
�
�
�
�
�
�
�
�
�
�
�

= ( A � � 2)
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�
�
�
�
�
�
�
�
�

A � � � � 2 � 2 � � 2
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. . .
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...
...

� 2 � � � A � 2 � � 2

� 2 � � � � 2 � 2 � � 2

� 1 � � � � 1 � 1 G

�
�
�
�
�
�
�
�
�
�
�

= � � �

= ( A � � 2)k� 1
�
�
�
�

� 2 � � 2

� 1 G

�
�
�
�

= ( A � � 2)k� 1(� 2G + � 1� 2) (2.73)

Part 2 (**) : The second determinant of 2.72 is the same asdet(Jks � � I ). Given
the induction hypothesis, let us de�ne:
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� k = � 1 + ( k � 1)� 2 (2.74)

It follows that:

det(Jks � � I ) = ( � 1 � � 2 � g � � )k� 1�
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C
A (2.77)

= ( A � � 2)k� 1 �
G2 + � kG + k� 1� 2

�
(2.78)

Part 3 (***): The third determinant of 2.72 can be calculated similarly to the
�rst determinant. By substracting the column (k + 1) from the �rst one and
applying cofactor expansion to the �rst column recursively, we get:
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= ( A � � 2)

�
�
�
�
�
�
�
�
�

A � � � � 2 � 2
...

. . .
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� 2 � � � A � 2
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�
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�
�
�

(2.80)

= � � �

= ( A � � 2)k� 1
�
�
�
�

A � 2

� 1 � 1

�
�
�
� (2.81)

= ( A � � 2)k � 1 (2.82)
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Parts 1 - 3 : To sum up the results obtained through transforming the three
determinants from above, Eq. 2.72 is transformed as follows, from Eq. 2.83 to
Eq. 2.86:

� k� 2(A � � 2)k� 1(� 2G + � 1� 2)

+ A(A � � 2)k� 1 �
G2 + � kG + k� 1� 2

�
� � 2� 1(A � � 2)k = 0 (2.83)

(A � � 2)k� 1

�
A

�
G2 + � kG + k� 1� 2

�
� k� 2(� 2G + � 1� 2) + � 1� 2(A � � 2)

�
= 0 (2.84)

A � � 2)k� 1 �
G(AG + A� k � k� 2

2) + ( A � � 2)(k + 1) � 1� 2
�

= 0 (2.85)

(A � � 2)k� 1

0

@G (AG + A(� 1 + ( k � 1)� 2) � k� 2
2)

| {z }
�

+( A � � 2)(k + 1) � 1� 2

1

A = 0 (2.86)

This expression can be further simpli�ed. By de�nition of A = � 1+ G, the part of
Eq. 2.86 denoted by * can be transformed to Eq. 2.87 and rewritten to Eq. 2.91:

(AG + A(� 1 + ( k � 1)� 2) � k� 2
2)

= (( � 1 + G)G + ( � 1 + G)( � 1 + ( k � 1)� 2) � k� 2
2) (2.87)

= ( G2 + (2 � 1 + ( k � 1)� 2)G + � 2
1 + ( k � 1)� 1� 2 � k� 2

2) (2.88)

= ( G2 + (2 � 1 + ( k � 1)� 2)G + ( � 1 + k� 2)( � 1 � � 2)) (2.89)

= ( G + � 1 + k� 2)(G + � 1 � � 2) (2.90)

= ( G + � 1 + k� 2)(A � � 2) (2.91)

Therefore, all of Eq. 2.86 is equivalent to Eq. 2.92 which can be transformed to
Eq. 2.95:

(A � � 2)k� 1 (G(G + � 1 + k� 2)(A � � 2) + ( A � � 2)(k + 1) � 1� 2) = 0 (2.92)

(A � � 2)k �
G2 + ( � 1 + k� 2)G + ( k + 1) � 1� 2

�
= 0 (2.93)

(A � � 2)k �
G2 + ( � 1 + (( k + 1) � 1)� 2)G + ( k + 1) � 1� 2

�
= 0 (2.94)

(A � � 2)k �
G2 + � k+1 G + ( k + 1) � 1� 2

�
= 0 (2.95)
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From Eq. 2.95, the eigenvalues forJ (k + 1)s can be obtained:
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C
C
C
C
C
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(2.96)

where � k+1 = � 1 + (( k + 1) � 1)� 2.

From (i) and (ii), by the principle of induction, Eq. 2.53 is true for all integers
n � 2.

We have shown that the eigenvalues of a Jacobian for a network with n excita-
tory and a single inhibitory unit, connected as shown in Fig. 2.7 B', are provided
by Eq. 2.53. By conditioning the real part of those eigenvalues to be negative,
the conditions for soft WTA of (n+1) units can be obtained:

Case I : � 2 � 4n� 1� 2 < 0:

� 1 � � 2 < g (2.97)

� < 2g (2.98)

Case II : � 2 � 4n� 1� 2 � 0:

� 1 � � 2 < g (2.99)

� < 2g (2.100)

� 1� 2 >
1
n

(� � g)g; (2.101)

where � = � 1 + ( n � 1)� 2.

To conclude, we were able to derive conditions for stable soft WTA behavior
in networks of n excitatory neurons and a single inhibitory neuron, assuming the
connectivity depicted in Fig. 2.7. Providing conditions for di�erently connected
network will be subject of future investigations.
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2.4 Hysteresis and self-sustained behavior

2.4.1 Introduction

So far, we focussed on deriving conditions for stability in soft and hard winner-
take-all con�gurations. Here, we wish to derive conditions to account for two
further phenomena: hysteresis and self-sustained behavior. Hysteresis describes
the dependence of a system not only on its most recent input but also on its
history. More technically, a system that exhibits hysteresis is characterized by
a bistable region where, depending on its history, one of (at least) two di�erent
states is taken.

To illustrate this idea, Fig. 2.8 depicts an exemplary phase portrait of a
system with one excitatory (u1) and one inhibitory ( u2) unit. The x-axis thereby
represents the activity of the excitatory unit while the y-axis represents its scaled
time derivative. Points that fall on the dashed black line are �xed points. The
dynamics of the system are depicted for di�erent external input strengths.

Figure 2.8: Exemplary phase portrait of 2-unit network. Line colors represent
external input strengths, ranging from weak (blue) to strong (red).

The key property of hysteresis is that the system, at a stimulus level similar to
the green line, will converge to either the left or the right �xed point, depending
on the history of the system: When starting without external input, the dynamics
of the system are given by the blue line in Fig. 2.8, which only has a single �xed
point at u1 = 0 . If the input strength is increased to the level of the green line,
the system will remain at the �xed point at u1 = 0 , even though a second, higher,
�xed point is present. When increasing the input strength until reaching the level
of the red line, its single �xed point (u1 > 0) will be taken. Importantly, when
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decreasing the stimulus strength again to that of the green line, the higher �xed
point will be taken ( u1 > 0). This way, the converging state of the system with
medium-strong input depends on the history of the input: coming from weaker
input, the lower �xed point will be taken; coming from stronger input, the higher
�xed point will be taken.

After having introduced and discussed hysteresis, a second type of con�gu-
ration we wish to investigate in this context is that of self-sustained behavior.
Self-sustained behavior describes the phenomenon of a system that, once su�-
ciently activated by an external force, continues to be active even in the absence
of that force. More visually, self-sustained behavior holds if the line of the phase
portrait that is corresponding to no external input has a positive second turning
point. In this case, the activity does not fall back to zero once the external input
is absent.

While self-sustained behavior could, given its history dependency, technically
be considered a special form of hysteresis, we di�erentiate between hysteresis
and self-sustained behavior by the excitability in the absence of input following
su�ciently strong stimulation. We therefore regard hysteresis and self-sustained
behavior as mutually exclusive. Technically, we di�erentiate between them by
assessing the sign of the second turning point when the input level is zero.

Several conditions need to hold in case of both self-sustained behavior and
hysteresis that is not self-sustained: When inspecting Fig. 2.8, we see that all
depicted functions are made up of three sub-functions. Crucially, the gradient of
the �rst sub-function has to be negative, that of the second one positive, and that
of the third one negative. The two turning points further need to hold positive
x-values, and a certain amount of stimulus strength is required. Furthermore,
some conditions derived in the context of WTA stability need to hold in order to
prevent unstable behavior.

2.4.2 Phase portrait and derivation of conditions

After having introduced hysteresis and self-sustained behavior conceptually, we
will now derive the conditions for corresponding parameter values. Here, we will
start with the most simple meaningful network structure possible: a network
consisting of one excitatory (u1) and one inhibitory unit ( u2). The units' activity
can be described as follows, adapted from Rutishauser et al. (2011):

�
du1

dt
= � gu1 + F (s + �u 1 � � 2u2 � T1) (2.102)

�
du2

dt
= � gu2 + F (� 1u1 � T2); (2.103)

where F (x) = max(x; 0), s � 0 is the input to the excitatory unit, and g is the
leak conductance.� 1, � 2, and � 1 are non-negative weights.



28 Continuous model dynamics

We begin by deriving the conditions under which the inhibitory neuron (u2)
reaches its equilibrium. Setting du2

dt = 0 , we can reformulate Eq. 2.103:

u2 =
F (� 1u1 � T2)

g
(2.104)

Next, we can carry out a case di�erentiation:

Case I : When � 1u1 � T2 < 0 () u1 < T2
� 1

:

u2 = 0 (2.105)

Plugging Eq. 2.105 into Eq. 2.102 yields:

�
du1

dt
= � gu1 + F (s + � 1u1 � T1) (2.106)

Note that Eq. 2.106 with F (x) = max(x; 0) is 0 if u1 < T1 � s
� 1

. We can subse-
quently summarize Eq. 2.106 as follows:

�
du1

dt
=

(
� gu1 u1 < T1 � s

� 1

(� 1 � g)u1 + s � T1
T1 � s

� 1
� u1

(2.107)

Case II : When � 1u1 � T2 � 0 :

Plugging Eq. 2.104 into Eq. 2.102 yields:

�
du1

dt
= ( � 1 � g)u1 + s � T1 � � 2

� 1u1 � t2
g

(2.108)

Case I+II : To sum up both cases:

�
du1

dt
=

8
><

>:

� gu1 u1 < T1 � s
� 1

(� 1� g)u1 + s � T1
T1 � s

� 1
� u1 < T2

� 1

(� 1� g)u1 + s � T1 � � 2
� 1u1 � t2

g
T2
� 1

� u1

(2.109)

Hysteresis and self-sustained behavior: We now solve these equations under
the conditions that hold in both hysteresis and self-sustained behavior: (i) having
two turning points in a positive region and having (ii) a negative gradient in the
�rst, (iii) a positive gradient in the second, and (iv) a negative gradient in the
third of the equations in Eq. 2.109.
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In order to have two turning points in a positive region (u1 > 0), it has to hold
that:

T1 > 0 (2.110)

T2 > 0 (2.111)

The gradient of the �rst of the equations in Eq. 2.109 is trivially negative. The
gradient of the second of the equations in Eq. 2.109 with respect tou1 has to be
positive. Therefore, it has to hold that:

g < � 1 (2.112)

Finally, the gradient of the third of the equations in Eq. 2.109 has to be negative.
This holds true if:

� 1 � g �
� 1� 2

g
< 0 (2.113)

� 1� 2 > (� 1 � g)g (2.114)

These conditions are, in fact, identical to those derived for hard WTA stabil-
ity. This makes sense as we are currently considering the interaction between a
single excitatory and a single inhibitory unit.

There are a few additional constraints that have to be taken into account.
From the convergence condition (the stability of hard WTA discussed in the last
sections can be used in this context due to the two-unit interactions), an upper
limit of � 1 is set to 2g:

� 1 < 2g (2.115)

In Fig. 2.8, we further see that only a certain range of external stimulation
would allow two stable �xed points. This range can be obtained by calculating
the value of the second turning point being positive (� du1

dt > 0) and the �rst
turning point being negative (� du1

dt < 0), which is as follows:

(� 1 � g)
T2

� 1
+ s � T1 > 0 (2.116)

� g
T1 � s

� 1
< 0 (2.117)
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Therefore, the following has to hold:

T1 � (� 1 � g)
T2

� 1
< s < T 1 (2.118)

We have seen that in order to observe hysteresis or self-sustained behavior,
the external input s has to change, covering the range given above. For instance,
if we start with s = 0 , s has to exceedT1 in order for the system to take the
upper �xed point.

In addition to all conditions mentioned above, additional conditions from
contraction theory, derived in the previous sections, are applied in order to avoid,
for instance, explosive behavior. At the end of this section, all conditions that
need to hold for a system to show hysteresis or exhibit self-sustained behavior,
are provided.

Hysteresis: Hysteresis, on the one hand, and self-sustained behavior, on the
other hand, share several properties. To derive further conditions, we here need to
di�erentiate between them. We will here begin with the derivation of conditions
for hysteresis. A condition that needs to be ful�lled to have hysteresis not self-
sustain is that the second turning point is negative when s = 0, such that the
activity falls back to zero in the absence of any input. Pluggingu1 = T2

� 1
into the

third of the equations in Eq. 2.109 yields Eq. 2.119 and can be transformed to
Eq. 2.120:

(� 1 � g)
T2

� 1
+ 0 � T1 < 0 (2.119)

� 1 <
T1

T2
� 1 + g (2.120)

When T1 > 0 (see condition i in Eq. 2.109), T2 > 0 (see condition ii in
Eq. 2.109), and � 2 and g are given, the parameter range for� 1 in which the
network shows hysteresis can, using Equations 2.112 and 2.120, be expressed as
follows:

g < � 1 �
T1

T2
� 1 + g (2.121)

Self-sustained behavior: Self-sustained behavior, on the other hand, can be
derived by enforcing that the second turning point be positive whens = 0 . In
a manner analogous to the derivation of the hysteresis condition, we can de-
rive Eq. 2.122. Taken together, we can summarize the conditions for hysteresis
(Eq. 2.123-2.125) and self-sustained behavior (Eqs. 2.126-2.128).
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T1

T2
� 1 + g < � 1 < 2g (2.122)

Hysteresis range :

g < � 1 �
T1

T2
� 1 + g (2.123)

(� 1 � g)g < � 1� 2 (2.124)

T1 � (� 1 � g)
T2

� 1
< s < T 1 (2.125)

Self-sustained range :

T1

T2
� 1 + g < � 1 < 2g (2.126)

(� 1 � g)g < � 1� 2 (2.127)

0 < s < T 1 (2.128)

These analytical results we were able to validate through numerical simula-
tions that showed that parameter sets ful�lling these conditions would, indeed,
lead to the speci�ed type of desired behavior (not shown here).

2.4.3 Phase plane and prediction of activity

An alternative way of describing the dynamics of a system is through the de-
piction of its phase plane (for a mathematical introduction, see, for instance,
Chapter 4.3 of Gerstner et al. (2014)). The left panel of Fig. 2.9 shows the phase
plane of one excitatory and one inhibitory neuron: the red line represents the
nullcline of the di�erential equation governing the excitatory unit; the blue line
the nullcline of the inhibitory unit. The crossings of these nullclines are the �xed
points of the system. Under the parameter condition used for producing Fig. 2.9,
three �xed points, out of which two are stable, can be found.

Through analysis of these stable �xed points, we can predict the activity of
the system. This is illustrated in the right panel of Fig. 2.9: it shows the two
units' activity as a function of the external input to the excitatory unit. In
the parameter setting given, the hysteresis property becomes apparent: theu1

forward line (resulting from gradually increasing the input strength) and the u2

backward line (resulting from gradually decreasing the input strength) di�er for
a part of the input levels. Hence, depending on whether coming from lower or
higher activity level, di�erent �xed points are taken.

For the purpose of further illuminating the dynamics of this system, we built
an interactive app allowing a user to enter the parameter values for a network
into the GUI and explore its dynamics (see Appendix A).
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Figure 2.9: Depiction of phase plane and corresponding input-output relation-
ship for 2-unit network with � 1 = 0 :75, � 1 = � 2 = 1 , g1 = g2 = 1 , T1 = T2 = 1 ,
s = 0 :8. Left panel: Nullclines of the di�erential equation governing the excita-
tory (red) and inhibitory (blue) unit are plotted. The intersection of nullclines
represent �xed points of the system. Arrows represent the vector �eld of the
direction and gradient of activity changes at each grid point. Right panel: A
unit's activity as a function of external input to the excitatory unit. The dashed
red line represents the current external input (always corresponding to the one
shown in the left panel as phase plane). Figures are created using our interactive
Matlab app (see Appendix A).
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2.5 Overview of di�erent behavior classes

Thus far, we extended the stability analysis of soft and hard WTA networks to
arbitrarily large networks and derived novel conditions for hysteresis as well as
self-sustained behavior. We can now put it all together.

Fig. 2.10 visualizes parameter regions associated with di�erent winner-take-
all behaviors in a simple network of two excitatory and a single inhibitory unit, as
depicted in Fig.2.1 A. Panels (1)-(3) each depict the inputs to the excitatory units
as well as the activity of each unit. The di�erent points in the parameter space
thereby represent examples for (1) soft WTA, (2) hard WTA, and (3) unstable
behavior.

Fig. 2.11, for a network consisting of one excitatory and one inhibitory unit,
visualizes parameter regions associated with di�erent classes of behaviors: (1)
regular non-sustained activity without hysteresis (2) hysteresis, (3) self-sustained
behavior, and (4) unstable behavior. For each of the four types, similar to Fig. 2.9,
phase planes as well as the relationship between external inputs to the excitatory
neuron and the activity of both inhibitory and excitatory neuron are depicted.

Figure 2.10: Panel (A) Visualization of di�erent parameter regions associated
with di�erent WTA behaviors. The leak parameter g was set to 1. Panel (1)-(3)
are some exemplar numerical simulations for the parameter set shown as dots in
(A). The �rst excitatory unit represents the winner, which receives slightly larger
input than the second loser unit. The activity of the inhibitory unit was sign-
�ipped for the sake of visualization, such that positive activity of the inhibitory
unit is plotted below zero. Panel (1): A soft winner-take-all example with pa-
rameters � 1 = 0 :8, � 1� 2 = 0 :05. Panel (2): A hard winner-take-all example
with � 1 = 1 :8, � 1� 2 = 0 :95. Panel (3): An unstable example with parameters
� 1 = 2 :25, � 1� 2 = 1 :25.
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Figure 2.11: Panel (A) Visualization of parameter regions associated with di�er-
ent hysteresis and self-sustained behaviors. The �xed parameters were as follows:
� 2 = 1 , g = 1 , T1 = 1 , T2 = 2 . Left subpanel of panels (1)-(4): Phase plane
of the activity of an excitatory and an inhibitory neuron. The red line indicates
the nullcline for the excitatory unit, the blue line the nullcline for the inhibitory
unit. The intersections of those nullclines determine the �xed points. Right sub-
panel of panels (1)-(4): Relationship between external inputs to the excitatory
neuron and the activity of the inhibitory and excitatory neuron. Explosion (no
valid �xed point) is expressed as neuronal activity of -1 on the y-axis of the right
panel.



Chapter 3

Spiking model dynamics

In the last chapter, we carried out a stability analysis for soft and hard WTA
networks and derived conditions for hysteresis and self-sustained behavior. In
this chapter, we aim to translate some of those dynamics to networks of spiking
model neurons. We will herein start by an analysis of individual neurons and
later extend our analysis to groups of neurons.

3.1 Dynamics of individual model neurons

3.1.1 Introducing the leaky-integrate-and-�re model

A popular choice among simpli�ed spiking neuron models is the leaky-integrate-
and-�re (LIF) neuron. This type of neuron accumulates input and generates
a spike when exceeding a certain threshold (Gerstner and Kistler, 2002). The
temporal evolution of the neuron's membrane potentialv is given by:

�
dv
dt

= � (v � vrest ) + RI; (3.1)

where � represents the membrane time constant of the neuron,v the membrane
potential, and R and I the neuron's resistance and input current, respectively.
Upon exceeding a threshold (v� ), the neuron generates a spike and its membrane
potential is set to the resting potential vrest :

v  vrest when v � v� (3.2)

We �rst wish to consider a scenario with constant input (I 0). By setting the
resetting time t0 = 0 , and de�ning t ref as the refractory period, the temporal
evolution of v can be described as follows:

v(t) = vrest + RI 0

�
1 � exp

�
�

t � t ref

�

��
; (3.3)

35
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where t > t ref .

The time, t � , that indicates when v(t) reaches its threshold,v� , is calculated as
follows:

v� = vrest + RI 0

�
1 � exp

�
�

t � � t ref

�

��
(3.4)

t � = t ref � � ln
�

1 �
v� � vrest

RI 0

�
(3.5)

The �ring frequency, f , of an LIF neuron can therefore be expressed as:

f =
1
t �

=
1

t ref � � ln
�

1 � v� � vrest
RI 0

� (3.6)

3.1.2 Relationship between input and output frequency

3.1.2.1 Analytical derivation

When thinking about single neuron behavior, knowing the relationship between
presynaptic and postsynaptic �ring frequencies can serve as a substitute for the
activation function (e.g. ReLU in the model by Rutishauser et al. (2011)).

When the neuron receives an input voltage � this is how the simulations
are carried out � its membrane potential increases but afterwards decays expo-
nentially due to the leak component. Let ns be the number of spikes that are
required for the postsynaptic neuron to spike, lett ref be its refractory period,
and w the intensity of the synaptic input. When assuming that the �ring fre-
quency of the presynaptic neuron,f pre (Hz), is constant, the interval between
spikes is also constant and equal to1f (s). Let an now be the voltage level present
immediately before receiving the next spike. At the arrival of the next spike, the
voltage becomesan + w and decays until the reception of the next spike in1

f (s).
Therefore, by using an , an+1 , can be expressed as Eq. 3.7. Fig. 3.1 illustrates
how to determine the number of spikes that the postsynaptic neuron needs to
receive from the presynaptic neuron in order to spike.

an+1 = ( an + w) exp
�

�
1

f �

�
(3.7)

We will now carry out a series of transformations in order to derive an equation
of the postsynaptic �ring rate. When p = exp

�
� 1

f �

�
and q = wp

1� p , we can
reformulate Eq. 3.7 to Eq. 3.8 and transform it to Eq. 3.11 as follows:
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Figure 3.1: Illustration of how to determine the number of spikes the postsynaptic
neuron needs to receive in order to generate a spike.v represents the neuron's
membrane potential, an captures the membrane potential immediately before
receiving and integrating the next spike, v� is the threshold above which the
neuron spikes, andw is the synaptic input intensity.

an+1 � q = ( an � q)p (3.8)

an = ( a1 � q)pn� 1 + q (3.9)

a1 = wp (3.10)

an =
wp � wpn+1

1 � p
(3.11)

When ns is the number of input spikes that are required for the postsynaptic
neuron to spike, the number of input spikes required to reach� v � w, n0, are
equal to n0 = ns � 1. It follows that:

an0 =
wp � wpn0+1

1 � p
� � v � w (3.12)

Sincep < 1, it holds that:

wp � wpn0+1 � (� v � w)(1 � p) (3.13)

wpn0+1 � wp � (� v � w)(1 � p) (3.14)

ln(w) �
n0+ 1
f pre �

� ln(� vp � � v + w) = ln( w � � v(1 � p)) (3.15)

n0+ 1 � f pre � (ln( w) � ln (w � � v(1 � p))) (3.16)

= � f pre � ln
�

1 �
� v
w

�
1 � exp

�
�

1
f pre �

���
(3.17)

n0+ 1 =
�

� f pre � ln
�

1 �
� v
w

�
1 � exp

�
�

1
f pre �

����
(3.18)
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Sincen0 = ns � 1:

ns =
�

� f pre � ln
�

1 �
� v
w

�
1 � exp

�
�

1
f pre �

����
(3.19)

We can therefore describe the postsynaptic �ring rate as follows:

f post =

8
<

:

1
n s

f pre
+ t ref

f pre > f �

0 f pre � f �

(3.20)

f � = �
1

� ln
�
1 � w

� v

� (3.21)

w � � v (3.22)

� v = v� � vrest (3.23)

3.1.2.2 Validation through simulation

To validate the analytical results, we carried out simulations and compared the re-
lation between presynaptic and postsynaptic �ring rates obtained through deriva-
tion and simulation. To this end, we simulated a single LIF neuron for 2 seconds
(in simulation time) for each input �ring frequency of interest. The input was
thereby chosen to be regular, as assumed in the analytical case. The postsynap-
tic �ring rate was calculated as the average �ring frequency in the speci�ed time
interval. All simulations were conducted using Brian 2 (Goodman and Brette,
2008). Fig. 3.2 depicts the resulting FF-curves (the postsynaptic �ring rate as a
function of presynaptic �ring rate) obtained through simulations and analytical
derivation. A comparison reveals the strong correspondence between theory and
simulation.

3.1.2.3 Linearity of F-F curves as a function of weight

We have seen in the F-F curves depicted in Fig. 3.2 that, in case of a low input
frequency and a large weight, the e�ect of the ceiling function is strong and
the relationship between presynaptic and postsynaptic �ring non-smooth. It
is important to note here that the parameter set used for the derivation and
simulation is characterized by a strong weight parameter. When the weight
is su�ciently small compared to � v and the input frequency su�ciently large,
instead, the e�ect becomes negligible, as is shown in Fig. 3.3. We further observed
and validated those results in spiking simulations (results not shown here). Given
the observed linearity, we can now simplify Eq. 3.20:
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Figure 3.2: Comparison of analytical derivation and simulation results. F-F
curves, depicting the postsynaptic �ring rate as a function of the presynaptic
�ring rate, are given for both theory and simulation. Lines thereby represent
analytical results; dots the simulation results. Di�erent colors represent di�erent
time constants. Further parameters are given byv� = 1 ; vrest = 0 ; w = 0 :4.

f post =

8
<

:

1
t ref � � ln

�
1� � v

w

�
1� exp

�
� 1

f pre �

��� f pre > f �

0 f pre � f �

(3.24)

f � = �
1

� ln
�
1 � w

� v

� (3.25)

w � � v (3.26)

� v = v� � vrest (3.27)

It is worth pointing out that there is a correspondence between the F-F curves
(postsynaptic �ring frequency as a function of presynaptic �ring frequency) and
I-F curves (postsynaptic �ring frequency as a function of the input current).
Speci�cally, by comparing Eq. 3.6 for the IF-curves and Eq. 3.24 for FF-curves,
we see that they are equal under the following condition:

RI 0 =
w

1 � exp
�

� 1
f pre �

� (3.28)

Note that this is applicable when RI 0 > � v, due to the valid range of the
equations that are used in the comparison.
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Figure 3.3: Analytically derived F-F curves for small weights and high input
frequencies. The blue and light blue lines are calculated with a ceiling functions;
the orange dotted lines are calculated without. For the con�guration shown, the
di�erences are marginal.

3.1.2.4 Linearization by series expansion

When t ref = 0 , a Laurent series expansion of Eq. 3.24 atf pre = 1 yields:

f post = �
1

� ln
�

1 � � v
w

�
1 � exp

�
� 1

f �

��� (3.29)

=
w

� v
f +

w � � v
2� � v

+
w2 � (� v)2

12f � 2� vw
+

� v(w � � v)
24f 2� 3w2 + � � � (3.30)

Here, f is short for f pre . Note that this expansion is at f pre = 1 and f pre should
generally be large, so the third and later component approaches zero and can
therefore be neglected. What remains is the following:

f post '
w

� v
f pre +

w � � v
2� � v

(3.31)

Hence, whenf pre is large, the F-F function is linear with a gradient of w
v .

When we look at the gradient of this function itself, we �nd that convergence
is very fast (see Fig. 3.4). The derivative of the �nal �ring rate input-output
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function is provided by:

df post

df pre
=

� v exp
�

� 1
f �

�

f 2� 2w
�

1 � � v
w

�
1 � exp

�
� 1

f �

���
ln2

�
1 � � v

w

�
1 � exp

�
� 1

f �

���

(3.32)

Figure 3.4: The derivative of the F-F function (Eq. 3.32) for � = 20 ms, 100 ms
is plotted. The gradient of the F-F function converges to w

� v rapidly.

3.2 From single neurons to groups

Thus far in this chapter, we introduced the leaky-integrate-and-�re neuron model
and described the relationship between the input and output �ring rate for a
single LIF neuron under regular spiking input. Wishing to study winner-take-all
dynamics and the role of self-excitation, which cannot plausibly be modeled with
a single neuron due to the implausibility of self-excitation in a single neuron, we
will now turn to the analysis of a network of several LIF neurons.

In order to make use of the careful assessment presented in the previous
chapter, which allows linking parameters of a rate-based model to di�erent types
of behaviors, we here seek to relate those �ndings to the spiking model. This
bridge can be built in the general context of the mean-�eld approach which
allows reducing the activity patterns in a network of neurons to average �ring
rates. While Wilson and Cowan (1972) and Amari (1977) were the �rst to employ
this approach, it has been applied in numerous contexts and for many models.
Among those models is the (leaky) integrate-and-�re neuron model (Brunel, 2000,
Gerstner, 2000).

Before turning to the analysis of networks of neurons, there are a few method-
ological considerations that we wish to make beforehand.
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3.2.1 Using Poisson spike trains as input

Neurons in our network model will not only receive input from external neu-
rons but also from recurrently connected neighboring neurons. This makes the
temporal arrival of input spikes less regular and the formalization as a random
process plausible. In keeping with the observation that spike trains can often be
described as a Poisson process (Heeger, 2000), we will assume a Poisson input
for our simulations.

Fig. 3.5 depicts a comparison of the theoretically derived F-F curve, which
is based on regular input, and the result of simulations which make use of non-
regular Poisson input. We see that the two curves di�er only for a presynaptic
�ring frequency that is just below the threshold. This is intuitively plausible: as
the membrane potential is �uctuating in the subthreshold regime, some �uctua-
tion in the spike time interval can make the neuron �re. This does not apply to
the theoretically derived curve.

Instead of deriving a new F-F function for Poisson input, we will, given the
strong correspondence, utilize the function that was derived in the context of
regular external input.

Figure 3.5: Comparison of theoretical F-F curve and simulation results with
Poisson input. The following parameters were used: weight = 0.05,� = 20
ms. For each data point in the simulation, the simulation was carried out for 5
seconds (in simulation time). Simulations were carried out in Brian 2 (Goodman
and Brette, 2008).

3.2.2 Combining di�erent weights and frequencies

So far, we derived an F-F function in the context of single neurons with single
weights and frequencies. In a group of neurons, we are confronted with di�erences
between the synaptic weights for external input, excitatory input, and inhibitory
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input (where even the sign is inverted), as well as di�erences in their correspond-
ing �ring frequencies. Therefore, we wish to calculate an appropriate average of
these weights and �ring frequencies.

Suppose one neuron is receiving inputs fromN di�erent sources (w1; f 1),
(w2; f 2), � � � , (wN ; f N ), where wi and f i represent the weight and frequency of
the i th input neuron. One way to calculate the combined weightw0 and input
frequency f 0 would be a �ring-rate weighted averagedw and a summed upf ,
formalized as follows:

w0 =
NX f i

f 0wi (3.33)

f 0 =
NX

f i (3.34)

A further consideration is that if one neuron is connected to a group ofN
neurons with a connection probability of p, each of which is �ring at f (Hz) on
average, then the input frequency to the neuron is:

f 0 = Npf: (3.35)

To validate Eqs. 3.33 and 3.34, we engaged in a simulational study. We took
one neuron and two Poisson sources providing spiking inputs to the neuron. For
the Poisson sources, we thereby randomly picked the �ring frequencies as well
as the weights for the connection from the input to the neuron (ranging from
positive to negative, representing excitatory to inhibitory connections). We ran
a simulation and measured the average �ring frequency of the output neuron.
Next, we calculated the w0 and f 0 for this neuron, according to Eqs. 3.33 and
3.34. Then, we engaged in a second simulation where we utilized one neuron
and a single Poisson neuron as input to that neuron. The input weight and
frequency was set tow0 and f 0. If our formalism for combining multiple weights
and frequencies is working properly, those two simulations should yield the same
output frequencies. Fig. 3.6 shows a scatter plot of 1000 trials of such simulation
sets. The results reveal that the relation is strongly linear. We are therefore
going to use this summary description for our groups.
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Figure 3.6: Validation results of our strategy for combining di�erent inputs with
di�erent frequencies and weights. For our simulation, we used one output neuron
and two Poisson input neurons whose average �ring frequencies were drawn from
a uniform distribution in the range of 0 to 5000 Hz. One synaptic weight of
one of the two input sources was randomly drawn from a uniform distribution
in the range of 0 to 0.2; the other weight was drawn from a uniform distribution
in the range of -0.2 to 0.2. The latter connection can therefore be excitatory or
inhibitory. The simulations were carried out for 5 seconds (of simulated time)
and the output neuron's average output �ring frequency was calculated.
In the second part of the experiment, the combined weightw0 and frequency
f 0 was calculated based on Eq. 3.33 and Eq. 3.34. On the simulational end, we
used one Poisson input neuron whose average �ring frequency is the combined fre-
quencyf 0as well as another neuron which is receiving this input and is connected
with the combined synaptic weight w0. The average output �ring frequency was
calculated in the same way as the �rst part.
The horizontal axis of the �gure represents the output frequency of the neuron
in the �rst part; the vertical axis represents the output frequency of the neuron
in the second part (with the combined weights and frequencies). The results of
1000 trials are shown. The results reveal that the relation is strongly linear, close
to the black line which indicates a perfect correspondence. All simulation were
carried out using Brian 2 (Goodman and Brette, 2008).
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3.3 Group dynamics

3.3.1 Analysis of 2 spiking neuron groups (1 Exc, 1 Inh)

After having introduced the mathematical tools we need for relating rate-based
and spiking models, we now wish to turn to studying WTA behavior in spiking
neuron groups.

As a �rst step, we here wish to start with a network containing only a single
excitatory and a single inhibitory group. We de�ne our input-output function as
follows:

F (w; f ) =

8
<

:

1
t ref � � ln

�
1� � v

w

�
1� exp

�
� 1

f �

��� f > f �

0 f � f �

(3.36)

f � = �
1

� ln
�
1 � w

� v

� (3.37)

w � � v (3.38)

� v = v� � vrest (3.39)

Based on the combined weight and �ring frequency policy described in the
previous section, we can express the system in the following way:

�
du1

dt
= � u1 + F (w0; f 0) (3.40)

�
du2

dt
= � u2 + F (� 1; N1p3u1) (3.41)

w0 =
N1p1u1

f 0 � 1 �
N2p2u2

f 0 � 2 +
f ext

f 0 s (3.42)

f 0 = N1p1u1 + N2p2u2 + f ext ; (3.43)

whereu1 and u2 are the average �ring frequencies in the excitatory and inhibitory
neuron groups.p1, p2, and p3 are the probabilities for neuron connections within
the excitatory group, connections from the inhibitory to the excitatory group,
and connections from the excitatory to the inhibitory group, respectively. N1 and
N2 are the number of neurons for the excitatory and the inhibitory group. f ext

represents the frequency of the external input (i.e. the input spikes),� 1 represents
the synaptic weight for self excitation, and � 1 and � � 2 are the synaptic weights
for connections from excitatory to inhibitory and from inhibitory to excitatory
neurons, respectively.
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3.3.1.1 Stability analysis based on rate-based results

Given what has been discussed above, we can apply the stability conditions of
Rutishauser et al. (2011) following linearization as the Jacobian analysis is only
concerned with the gradient of the system. To this end, we can linearize Eqs. 3.40
and 3.41 by Eq. 3.31:

�
du1

dt
= � u1 +

w0

� v
f 0+ Const: (3.44)

�
du2

dt
= � u2 +

� 1

� v
N1p2u1 + Const: (3.45)

Please note that while the linearization is derived by settingf 0 and u1 to
in�nity, the function's gradient does, in fact, converge rapidly. This is shown in
Fig. 3.4. We are therefore able to use this equation even in case of medium-large
�nite values of f 0 and u1. By making use of Eqs. 3.42 and 3.43, we can transform
Eqs. 3.44 and 3.45 to:

�
du1

dt
= � u1 +

� 1

� v
N1p1u1 �

� 2

� v
N2p2u2 +

s
� v

f ext + Const: (3.46)

�
du2

dt
= � u2 +

� 1

� v
N1p3u1 + Const: (3.47)

If we assume that both groups are active (they should be as we are assessing,
by de�nition, the high-frequency regime), the Jacobian of this system, as detailed
in the second chapter, is given by:

� J2 =
� N1p1 � 1

� v � 1 � N2p2 � 2
� v

N1p3 � 1
� v � 1

�
(3.48)

When we de�ne the following terms:

� �
1 =

N1p1� 1

� v
(3.49)

� �
1 =

N1p3� 1

� v
(3.50)

� �
2 =

N2p2� 1

� v
; (3.51)

we can rewrite Eq. 3.48 as follows:

� J �
2 =

�
� �

1 � 1 � � �
2

� �
1 � 1

�
(3.52)
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The condition for the system to be stable is that all real parts of the eigen-
values are negative. When solving for this, we end up with the following two
conditions:

� �
1 < 2 \ � �

1 � �
2 > � �

1 � 1 (3.53)

These conditions are identical to those derived in the context of hard WTA.
This is not surprising as, by de�nition, only two units are active in hard WTA.

We will now compare the analytically-derived conditions to results obtained
from rate-based numerical approximations and spiking simulations. Details for
both are provided later in this chapter. The left panel of Fig. 3.7 depicts the
logarized (log10) �ring frequency values of the numerically approximated �xed
point analysis. The blank (white) boxes in the heatmap represent explosions in
the numerical approximation. The darkly colored area does, in fact, match the
theoretically determined stable area, de�ned by� �

1 � �
2 > � �

1 � 1 and visually cor-
responding to the entire parameter space except for the bottom-right triangle.
The right panel of Fig. 3.7 depicts simulated �ring rates at external �ring fre-
quencies. Similar to the left panel, high values correspond to unstable behavior.
While the spiking activity in the theoretically unstable area is not as extreme as
results from the numerical approximation (left panel) indicate, both heatmaps
are, globally, in keeping with the analytically derived conditions.
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Figure 3.7: Stable parameter regions according to numerical approximation and
spiking simulation for spiking network containing a single excitatory and a single
inhibitory neuron group. Left panel: Depiction of logarized (log10) �ring fre-
quency values. Right panel: Depiction of actual �ring rates at external �ring
frequencies. The parameters for generating this �gure are:� 2 = 0 :1, s = 0 :05,
� = 20ms, N1 = N2 = 100, � v = 1 . The connection probability p between
groups was globally set to 0.1. The �ring frequency of external input was at 4750
(Hz) and the simulation was run for 500 ms. Note that� �

2 = N2 � p � � 2 = 1 . � 1

and � 1 were varied between 0 and 0.19 by steps of 0.01 (equivalent to� �
1 and � �

1
being varied between 0 and 1.9 by steps of 0.1)

3.3.1.2 Phase plane for activity prediction

Similar to our investigation in the previous chapter, we can carry out a phase
plane analysis and predict the activity of units in our spiking model. The left
panel of Fig. 3.8 depicts the phase plane for a network of one excitatory (u1)
and one inhibitory (u2) neuron group: the red and blue line thereby represent
the nullclines of the excitatory and inhibitory groups, respectively, and their
intersections represent �xed points in the given parameter setting. The right
panel of Fig. 3.8 depicts the units' activity that is predicted based on the �xed
points in the phase plane. Note that, due to the di�culties of deriving �xed
points analytically � particularly, when the number of units is large � we built a
program to calculate a numerical approximation of the �xed points (see Appendix
B).

To test the reliability of our approximation to the �xed points, we engaged
in spiking simulations and compared the results to our numerical predictions.
For the exemplary parameter set that was chosen for Fig. 3.8, such comparison
is depicted in Fig. 3.9. This �gure reveals that, for most input frequencies, the
activity levels of our simulations are in agreement with our numerical predic-
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Figure 3.8: Depiction of phase plane and activity prediction. Left panel: Phase
plane of one excitatory and one inhibitory group of LIF neurons. Right panel:
Predicted activity of neuron groups. The dashed line in the right panel repre-
sents the external input based on which the phase plane in the left panel has been
plotted. The parameters for generating this �gure are: � 1 = 0 :05, � 1 = � 2 = 0 :1,
s = 0 :05, � = 20ms, N1 = N2 = 100, � v = 1 , vrest = 0 . The connection prob-
ability p between groups is globally set to 0.1. The �ring frequency of external
input was varied between 0 and 5000 (Hz). The activity is calculated through
the numerical approximation of the �xed point.

tions. Exceptions are low-frequency inputs. Here, theory and simulation pro-
duce di�erent results. In particular, our theory predicted hysteresis behavior
for input frequencies between 800 and 1000 Hz. This is evident from the di�er-
ence between the forward (referring to gradually increasing external input) and
backward (gradually decreasing input) lines for the �rst excitatory unit. In our
simulations, however, these two curves are fully overlapping and no hysteresis
can be observed.

While there is a di�erence between a small part of the low-frequency input
regime, simulation and theory were, overall, found to match for the parameter
setting used for generating Fig. 3.9. This match, however, is not always given.
When increasing the self-excitation parameter� 1, the results from simulation
and theory start to diverge. This is shown in Fig. 3.10. Note that as, in general,
no hysteresis is observed in our spiking simulations, backward and forward curves
are fully overlapping and subsequent plots will depict only forward versions of
the simulations.

More systematically, the di�erences between results stemming from simula-
tions and theory, for di�erent values of � 1 and � 1, are depicted in Fig. 3.11. We
see that when the self-excitation is large compared to the e�ect of the inhibition,
this di�erence increases, especially in regions close to the stability limit.
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Figure 3.9: Activity prediction based on numerical approximation and simu-
lation results compared. Forward curves refer to the behavior observed as a
consequence of gradually increasing external input; backward curves to that of
gradually decreasing input. The shaded area is representing� SD. Simulation
results are presented for the parameters used in Fig. 3.8. Parameters are given
by: � 1 = 0 :05, � 1 = � 2 = 0 :1, s = 0 :05, � = 20ms. As for the simulations,
for each point depicted, a simulation was run for 500 ms (simulated time). The
external input frequency was varied from 0 to 4750 (Hz) in 20 steps. For the the-
ory component, the numerical approximation was calculated using our numerical
�xed point approximation. The external input was varied with 100 steps. Other
parameters are provided by:N1 = N2 = 100, p = 0 :1.
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